MTH 166

Lecture-13

Solution of Non-Homogeneous LDE
with Constant Coefficients Using
Operator Method-I




Topic:

Solution of Non-Homogeneous LDE with Constant coefficients Using Operator
Method-|

L_earning Outcomes:

Solving Non-Homogeneous LDE Using operator method when:
1. Function is of the form: r(x) = e**

2. Function is of the form: r(x) = cosax or r(x) = sinax



Solution of Non-homogeneous LDE with constant coefficients Using Operator
Method:

Let us consider 2" order Non-homogeneous LDE with constant coefficients as:

dZ
aﬁ+b Y+ cy =7r(x) (1)
or
ay'" + by’ + cy = r(x) (1)

Let E = D be Differential operator ( An algebraic operator like 4, —,%,=)

Equation (1) becomes:
D?y + bDy + cy = r(x)
Symbolic Form (S.F.): (aD? + bD + ¢)y = r(x)
= f(D)y =r(x)



To find Complimentary Function (C.F.):
AE.. f(D)=0
= (aD? +bD +¢) =0

—b+VbZ2—-4ac

=D = — =mq, m, (Say) (Suppose here m,; # m, are real roots)

Complementary function C.F. is given by:
Yy, = cqe™* + c,e™2*

To find Particular Integral (P.1.):

Pl. y,= (D) —1(x) ( There are different methods to evaluate it)

General Solution: y = C.F. +P.I.

L.y =Yt Yy



Operator Method to find Particular Integral (P.1.):

Case 1: Ifr(x) = e®*, thenPl. y, = ﬁr(x)

1 pax__1 ,ax =
=Y =15y = 1@ , (i.e. Put D = ), provided f(a) # 0

If f(a) = 0, then:

Vp = xf,zD)e“x =X Za) e®* provided f'(a) # 0

If f'(a) =0, then:

_2_1 ax _ .2
Yo =X iy T X

e®* provided f""(a) # 0

and so on...



Problem 1. Find the general solution of:  y'" + 5y’ + 4y = 18e%*

Solution: The given equation Is:
y'"" + 5y’ + 4y = 18e%* (1)

S.F.: (D? 45D + 4)y = 18e?* where D = di

X
= f(D)y =r(x) where f(D) = (D?+5D +4) and r(x) = 18e%*
To find Complimentary Function (C.F.):
AE..f(D)=0 =D?*+5D+4)=0 >=>D+1)D+4)=0

= D =—1,—4 (real and unequal roots)
Letm; = —-1and m, = —4

~. Complimentary function is given by:
Y. = cpe™* 4 c,e™2*

>y, =ce ¥4



To find Particular Integral (P.1.):

Yo = f(lp)r(x) - (D2+;D+4-) (18e°*)

= Yp =18 [(D2+5D+4) 2

=y, = 18 [((2)2+;(2)+4)e2x' (Put D = 2)
=y, =18 [%88296] =y, = e?*

-~ General solution is given by: y = C.F. +P.I.

Le.y =yt yy

>y =_(ce ™ +ce™) +e?*  Answer.



Problem 2. Find the general solution of: y" +y' — 6y = e?*

Solution: The given equation Is:

y'+y' —6y =e** (1)

S.F.:(D?+D—6)y =e** whereD = di

= f(D)y =r(x) where f(D) =(D*+ D —6) andr(x) = e?*
To find Complimentary Function (C.F.):
AE..f(D)=0 = (D?+D—-6)=0 =>(D-2)(D+3)=0

= D = 2,—3 (real and unequal roots)
Letm; =2and m, = -3

~. Complimentary function is given by:
Y. = cpe™* 4 c,e™2*

=y, = cre?* + c,e 3%



To find Particular Integral (P.1.):

— 2x
yp f(D)r( ) (D2+D 6)( )

:>yp=[ L )ezx] (Put D = 2) :yp:[

1
((2)2+(2)-6 (6-6)

(e?*)

“Yp =X (2D+1)

_ 2X _ _ X 2x
:yp—x(z(z)ﬂ)e ] (Put D = 2) >y =ce

General solution is given by: y = C.F. +P.I.
Le.y =Yt Vp

— X
=y = (c,e?* + c,e”3%) + S e?*  Answer.

ezx] (Case of failure)



Problem 3. Find the general solution of:  y"" — 6y’ + 9y = 14e3*

Solution: The given equation Is:
y'" — 6y’ + 9y = 14e3% (1)

S.F.: (D? — 6D +9)y = 14e3*  where D = di

X
= f(D)y = r(x) where f(D) = (D?—-6D +9) andr(x) = e?*
To find Complimentary Function (C.F.):
AE..f(D)=0 = (D>—-6D+9)=0 =>(D-3)(D-3)=0

= D = 3,3 (real and equal roots)
Letm; =3and m, =3

~. Complimentary function is given by:
Ye = (c1Fcpx)e™2”

= Yo = (1 + cx)e™



To find Particular Integral (P.1.):

Yo = 70037 (%) = s 6D+9) (14e3%)

= yp = 14 [((3)2_2(3)”)821 (Put D =3) =y, = 14|
f( (2D 5 (€7 ) = 14x [(6—6)

Yy = 142 [ful(D)T(x)] — 142 EQSx] _ 742p3%

General solution is given by: y = C.F. +P.I.

ey =Yt Vp
=y = (¢ + c;x)e3* + Tx%e3*  Answer.

3x '
(18-18) ¢ ] (Case of failure)

e3x] (Put D = 3) (Case of failure)



Operator Method to find Particular Integral (P.1.):

Case2: If r(x) =cosax or r(x)=sinax

ThenP.lis: y, = e )r(x) = m COS aXx

Yp = f(Dzi_az) cosax, provided f(D* = —a®) # 0

If f(D? = —a?) = 0, then:

1 _ 1 ] , 2 _ 2
Yo =X TT(Di—_a) COS ax, provided f'(D a?) =0

Note: 1. D[r(x)] = [r (x)]

2.%[r(x)] = fr(x)dx
— [r(x)] =

s D+a — [r(x)] (Rationalize to create D®in denominator)



Problem 1. Find the general solution of: y"” — 16y = cos 2x

Solution: The given equation Is:
y'"" — 16y = cos 2x (1)

S.F.: (D? —16)y = cos2x where D = di

= f(D)y =r(x) where f(D) = (D? —16) and r(x) = cos 2x
To find Complimentary Function (C.F.):
AE..f(D)=0 = (D?>—-16) =0 =>({D-4)(D+4)=0

= D = 4,—4 (real and unequal roots)
Letm; =4and m, = —4

~. Complimentary function is given by:
Y. = cpe™* 4 c,e™2*

=y, = ce*™ + e



To find Particular Integral (P.1.):

-~ General solution is given by: y = C.F. +P.l.

Le.y =yt ¥,

_ 1
=y = (ce*™ + ce™) — -C0S 2X

Answer.



Problem 2. Find the general solution of: y" + 9y = sin 3x

Solution: The given equation Is:

y"" + 9y = sin 3x (1)

S.F.: (D*+9)y =sin3x where D = di

X
= f(D)y =r(x) where f(D) = (D?+9) and r(x) = sin 3x
To find Complimentary Function (C.F.):
AE..f(D)=0 = (D?*+9)=0 = D% = —9

= D = 3i,—3i (complex roots)
Letm, =04+ 3iand m, =0 — 3i

~. Complimentary function is given by:
y. = e*(cq cos 3x + ¢, sin 3x)

= y. = (¢ cos 3x + ¢, sin 3x)



To find Particular Integral (P.1.):

Vp = f(D)r( xX) = (DZ (sm 3x )

=

_ 1 - 2 _ _ ()2
Vp = [(_(3)2+9) sin 3x] (Put D = —(3)“)

1 . ] :
= yp = |575;5in 3x| (Case of Failure)

—x[%(sian )] zgfsiandx =§[_C053x]

o yp 3

f (D)
General solution is given by: y = C.F. +P.I.
le.y =yt ¥y

= y = (¢, cos 3x + ¢, sin 3x) — gcos 3x Answer.



Problem 3. Find the general solution of: 2y"" — 5y’ + 3y = sinx

Solution: The given equation is:
2y"" —5y" 4+ 3y =sinx (1)

S.F.: (2D? —5D +3)y =sinx where D = di

X
= f(D)y =r(x) where f(D) = (2D? —5D + 3) and r(x) = sinx
To find Complimentary Function (C.F.):
AE..f(D)=0 = (2D? —=5D+3) =0 =>2D-3)(D—-1)=0

= D =1,3/, (real and unequal roots)

Letm; = 1and m, =3/,
. Complimentary function is given by:
Yy, = cpe™* 4 c,e™2*

3
=y, = ci e’ 4 c,e/2¥



To find Particular Integral (P.1.):

1 .
Yp = f(D)r(x) (2D2-5D+3) (sinx )
_| 1 : 2 [(13\2
=W = |eCcm2)-sp+3) Smx] (Put D* = —(1)%)
= = sin x] = [ (1+5 ] = [ +5D) Sin x]
Yo = | (1-5D) - (1—51)) (1+51)) (1-25D?2)
= Y, ===[(1+5D)sinx] = —|sinx + 5= (sinx)| = - (sinx + 5 cos x)
Vp = sinx] = - [sinx — (sinx)| = —(sinx COS X

-~ General solution is given by: y = C.F. +P.l.
Le.y =Yt Vp

=y = (e + ce/?%) + 2—16 (sinx + 5cosx)  Answer.
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